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Abstract
The present investigation deals with unsteady hydromagnetic chemically reacting mixed convection flow of incompressible
viscous fluid past a vertically moving permeable stretching sheet in the presence of suction/injection, heat source/absorption, ther-
mal radiation, viscous dissipation and slip effects. The governing partial differential equations are reduced into a set of non-linear
ordinary differential equations by suitable transformations. Keller box method is applied to solve the system of non-linear ordinary
differential equations for which the implementation is made with the help of matlab. The important parameters in this study are:
Prandtl number Pr , Schmidt number Sc, buoyancy force parameter λ, radiation parameter Nr , magnetic parameter M , buoyancy
forces ratio parameter N , the unsteady parameter A, suction/injection parameter s, Eckert number Ec, heat source/sink param-
eter Q, chemical reaction parameter R, velocity slip parameter sv , temperature slip parameter st and species concentration slip
parameter sm . Effects of these parameters on velocity, temperature and species concentration profile of the fluid are presented and
analyzed graphically. Furthermore, numerical investigations have been made for the skin friction coefficient and surface heat and
mass transfer rates for some of the parameters.
c⃝ 2016 The Authors. Production and Hosting by Elsevier B.V. on behalf of Nigerian Mathematical Society. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
An incompressible viscous fluid flow past a stretching surface has number of applications in industries and
engineering areas. For instance, aerodynamics extrusion of plastic sheets, glass fiber, extraction of polymer, paper
production, condensation process of metallic plate in a cooling bath, hot rolling, wire drawing and etc. [1–7].
A study of a flow over a stretching sheet has began in the pioneering work of Crane [8]. Slip effect flow
over a stretching sheet was studied by Anderson [9] and mixed convection boundary layer flow over a verti-
cally moving plate in the presence of suction/injection have been analyzed by Ali and Yousef [10]. A mixed con-
vection flow over a moving vertical plate due to the effect of thermal and mass diffusion has been studied by
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Nomenclature
a, b, c and m constants
A unsteady parameter
B uniform magnetic field (T)
B0 magnetic induction
C species concentration (mol/m3)
Cw species concentration at the wall (mol/m3)
C∞ species concentration far from the surface (mol/m3)
C f local skin friction coefficient
cp specific heat capacity (J kg−1 K−1)
D mass diffusivity (m2 s−1)
Ec Eckert number
F dimensionless velocity
f dimensionless stream function
g acceleration due to gravity (m s−2)
G dimensionless temperature
Gr Grashof number due to temperature
Gr∗ Grashof number due to concentration
H dimensionless species concentration
J species concentration slip factor
k thermal conductivity (W m−1 K−1)
k∗ mean absorption coefficient
K thermal slip factor
L velocity slip factor
M magnetic parameter
N buoyancy forces ratio parameter
Nux local Nusselt number
Nr radiation parameter
Pr Prandtl number
Q local heat source/sink parameter
qm surface mass flux (kg s−1 m−2)
qr radiative heat flux (W m−2)
qw surface heat flux (W m−2)
Rex local Reynolds number
s local suction/injection parameter
Sc Schmidt number
sv velocity slip parameter
st temperature slip parameter
sm species concentration slip parameter
Shx local Sherwood number
R local chemical reaction parameter
T temperature of the fluid (K)
T∞ temperature of the fluid far away from the wall (K)
t time (s)
Tw temperature at the wall (K)
u velocity component in x-direction (m s−1)
Uw stretching sheet wall velocity (m s−1)
U∞ free stream velocity (m s−1)
v velocity component in y-direction (m s−1)
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vw suction/injection velocity
Greek symbols
α∞ thermal diffusivity (m2 s−1)
ν kinematic viscosity (m2 s−1)
βT volumetric coefficient of thermal expansion (K−1)
βC volumetric coefficient of concentration expansion (m3/mol)
µ dynamic viscosity (kg m−1 s−1)
ρ density of the fluid (kg m−3)
σ electrical conductivity of the fluid (S/m)
η transformed variable
ψ stream function
τw wall shear stress
λ buoyancy parameter due to temperature
λ1 buoyancy parameter due to concentration
σ ∗ Stefan–Boltzmann constant (W m−2 K−4)
Patil et al. [11]. They solved the problem numerically using implicit finite difference scheme inline with quasilin-
earization and predicted the profile of velocity, temperature and concentration for different parameters. Aydin [12] per-
formed an analysis of steady laminar boundary layer flow over a porous flat plate with injection/suction imposed at the
wall. Unsteady free convection boundary layer flow over a moving vertical surface has been studied by Kumari [13],
a similar study was done over stretching vertical surface by Ishak [14], boundary layer flow over a continuously mov-
ing vertical plate was analysed by Anilkumar [15], variable thermal conductivity and heat transfer flow problem of
a boundary layer flow past a stretching plate has been studied by Ahmad et al. [16]. Chiam [17] has scrutinized the
boundary layer flow of heat transfer in a fluid with variable thermal conductivity over a linearly stretching sheet and
unsteady mixed convection flow past a vertical porous flat plate moving through a binary mixture in the presence of ra-
diative heat transfer has been studied by Makinde and Olanrewaju [18]. Further Bakar et al. [19] considered the steady
laminar flow over a stretching sheet with a convective boundary condition and partial slip. Heat transfer characteristics
of a stretching surface with variable temperature has been studied analytically by Grubka and Bobba [20]. A problem
of mixed convection boundary layer flow over a vertical plate with velocity and temperature slip has been discussed by
Bhattacharyya et al. [21]. Unsteady mixed convection boundary layer flow and heat transfer problem due to a stretch-
ing vertical surface with variable fluid properties is presented by Ishak [22]. Mahdy [23] considered the same flow
problem but with the application of nanofluids. Recently, Vajravelu [24] extended the work of Ishak in the presence of
thermal radiation and most recently El-Aziz [25] studied similar work with variable viscosity and viscous dissipation.
Many researchers have studied boundary layer flow and heat and mass transfer characteristics of fluids in porous or
non-porous media due to the effect of magnetic field. Effect of temperature dependent viscosity on free convective flow
past a vertical porous plate in the presence of a magnetic field, thermal radiation, and a first order homogeneous chemi-
cal reaction has been investigated by Makinde and Ogulu [26]. Magentohydrodynamic (MHD) mixed convection flow
with the effects of Ohmic heating and viscous dissipation is examined by Aydin [27]. Unsteady hydromagnetic free
convection of an incompressible electrical conducting radiating fluid past a moving vertical plate with the Navier slip
has been examined by Makinde and Tshehla [28]. Pop [29] analyzed a boundary layer flow problem over a permeable
stretching sheet in the presence of a magnetic field. MHD boundary layer flow of electrically conducting fluid near a
stagnation-point on a vertical surface with slip boundary condition has been investigated by Seini and Makinde [30].
The combined effects of Navier slip and Newtonian heating on an unsteady hydromagnetic boundary layer stagnation
point flow towards a flat plate in the presence of a magnetic field are investigated by Makinde [31]. Convective heat and
mass transfer flow over a vertical permeable plate embedded in a fluid saturated with porous medium in the presence
of suction/injection and magnetic effects has been analyzed by Chamkha [32]. Effects of thermal radiation absorption
and magnetic field on an unsteady chemically reacting convective flow past a vertical plate is studied by Makinde [33].
MHD flow and heat transfer over a permeable stretching sheet with slip conditions has been discussed by Hayat
et al. [34]. Makinde and Sibanda [35] have analyzed the problem of steady laminar hydromagnetic heat transfer by
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mixed convection flow over a vertical plate embedded in a uniform porous medium in the presence of a uniform
normal magnetic field. Kabir et al. [36] have explained thermal radiation interaction with unsteady MHD flow past
a continuous moving vertical plate. Mass transfer with chemical reaction in Magnetohydrodynamics (MHD) mixed
convective boundary layer flow along a vertical stretching sheet has been investigated by Singh et al. [37]. With the
application of homotopy analysis method, radiative, heat generating and chemical reacting flow has been investigated
by Khan et al. [38] and there have been some more studies carried out on MHD boundary layer flow [39–43].
Ibrahim and Shanker [6] have analyzed the simultaneous effects of radiation, magnetic, viscous dissipation and
buoyancy forces on heat transfer over a vertically permeable stretching sheet with velocity and thermal slip boundary
conditions. The present investigation aims to extend their work by considering unsteady hydromagnetic chemically
reacting mixed convection flow of incompressible viscous fluid past a vertically moving permeable stretching sheet
in the presence of suction/injection, heat source/absorption, thermal radiation, viscous dissipation and slip effects in
the flow region. The study identifies the parameters that may influence the skin friction coefficient, surface heat and
mass transfer rates and it tries to fill the gap in the boundary layer theory. The boundary layer equations governed by
the partial differential equations are first transformed into a system of nonlinear ordinary differential equations, before
being solved numerically using Keller box method [44,45].
2. Mathematical formulation
Consider an unsteady hydromagnetic chemically reacting mixed convection flow of incompressible viscous fluid
past a vertically moving permeable stretching sheet with slip effects. The x-axis is taken along the sheet in the
vertically upward direction and the y-axis is normal to it. In the flow region, the first order homogeneous chemical
reaction, heat source/absorption, thermal radiation, viscous dissipation are taking place and time dependent magnetic
field B(t) is applied in the transverse direction. The unsteady fluid flow starts at t = 0. The stretched sheet has the
velocity Uw(x, t), temperature Tw(x, t) and species concentration Cw(x, t) and are assumed to be linear functions of
x for each fixed t . The fluid considered here is gray, absorbing and emitting radiation but a non-scattering medium.
The boundary-layer equations, under the Boussinesq approximation for the flow are given by:
∂u
∂x
+ ∂v
∂y
= 0 (2.1)
∂u
∂t
+ u ∂u
∂x
+ v ∂u
∂y
= ν ∂
2u
∂y2
± gβT (T − T∞)± gβC (C − C∞)− σ B
2(t)
ρ
u (2.2)
∂T
∂t
+ u ∂T
∂x
+ v ∂T
∂y
= α ∂
2T
∂y2
− 1
ρcp
∂qr
∂y
+ ν
ρcp

∂u
∂y
2
+ Q0
ρcp
(T − T∞) (2.3)
∂C
∂t
+ u ∂C
∂x
+ v ∂C
∂y
= D ∂
2C
∂y2
− R1(C − C∞) (2.4)
with the boundary conditions:
u = Uw(x, t)+ L ∂u
∂y
, v = vw(t), T = Tw(x, t)+ K ∂T
∂y
, C = Cw(x, t)+ J ∂C
∂y
at y = 0
and u → 0, T → T∞, C → C∞ as y →∞,
where u and v are the velocity components in the x and y directions, respectively (see Fig. 1).
Further, L = L0
√
1− ct, K = K0
√
1− ct and J = J0
√
1− ct are respectively, the velocity slip factor, the
thermal slip factor and the concentration slip factor. The no slip condition is received when L = K = J = 0.
Following the works of Chiam [17], Ishak [22] and Vajravlelu, [24], we define Uw(x, t) = ax(1−ct) , Tw(x, t) =
T∞ + bx(1−ct)2 and Cw(x, t) = C∞ + mx(1−ct)2 , where a, b, c and m are constants.
Furthermore, B(t) = B0√
1−ct is the transverse magnetic field strength where B0 is the magnetic induction. Using
the Rosseland approximation, the radiative heat flux is written as
qr = −4σ
∗
3k∗
∂T 4
∂y
. (2.5)
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Fig. 1. Physical model and coordinate system.
The temperature differences within the flow region which is the term T 4 is assumed to be a linear function of
temperature. The linear approximation is obtained by expanding T 4 as a Taylor series about T∞ and neglecting higher
order terms we get:
T 4 ∼= 4T 3∞T − 3T 4∞. (2.6)
In addition to the above definitions for wall velocity, temperature and concentration, we introduce the following
similarity transformations to reduce the partial differential equations (2.2)–(2.4) into a set of coupled ordinary
differential equations.
η = y

a
ν(1− ct)
 1
2
, ψ(x, y, t) =

νa
(1− ct)
 1
2
x f (η), G(η) = T − T∞
Tw − T∞ ,
H(η) = C − C∞
Cw − C∞ , Gr =
gβT (Tw − T∞)L3
ν2
, Gr∗ = gβC (Cw − C∞)L
3
ν2
, λ = Gr
ReL2
,
λ1 = Gr∗
ReL2
, ReL = UwL
ν
, Pr = ν
α
, N = λ1
λ
, Sc = ν
D
, Ec = u
2
w
cp(Tw − T∞) .
The stream function ψ(x, y, t) is defined as: u = ∂Ψ
∂y , v = − ∂Ψ∂x and satisfies the continuity equation (2.1). Using
the above transformations and in view of Eqs. (2.5) and (2.6), Eqs. (2.2)–(2.4) are reduced to the following coupled
non-linear ordinary differential equations:
f ′′′ + f f ′′ − M f ′ − f ′2 − A

f ′ + 1
2
η f ′′

+ λ(G + NH) = 0 (2.7)
(1+ Nr)G ′′ + Pr
 f Gf ′ G ′
+ Pr Ec( f ′′)2 + PrQG − APr 2G + 12ηG ′

= 0 (2.8)
H ′′ + Sc
 f Hf ′ H ′
− ASc2H + 12ηH ′

− RScH = 0, (2.9)
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with the boundary conditions:
f (0) = s, f ′(0) = 1+ sv f ′′(0), G(0) = 1+ stG ′(0), H(0) = 1+ smH ′(0), and
f ′ → 0, G → 0, H → 0 as η→∞, (2.10)
where prime denotes differentiation with respect to η, | ∗ | shows the determinant, A = c/a is the unsteady parameter,
M = σ(B0)2
ρa is the magnetic parameter, Q = Q0(1−ct)ρcpa is the local heat source/sink parameter, R = R1(1−ct)a is
the local chemical reaction parameter, Nr = 16σ ∗T∞3kk∗ is the thermal radiation parameter where σ ∗ and k∗ are the
Stefan–Boltzmann constant and the mean absorption coefficient, respectively. In addition, sv, st and sm are velocity
slip parameter, temperature slip parameter and species concentration slip parameter, respectively. They are defined as
sv = L

a
ν(1−ct)
 1
2
, st = K

a
ν(1−ct)
 1
2
and sm = J

a
ν(1−ct)
 1
2
. Furthermore, λ and λ1 are buoyancy forces due to
thermal and species concentration, respectively. Also s = −vw/

1−ct
νa is the local suction/injection parameter, where
s < 0, s > 0 and s = 0 correspond to injection, suction and impermeability, respectively. N is the ratio of buoyancy
forces, which is given by N = λ1
λ
. N > 0 and N < 0, respectively correspond to assisting and opposing flows. N = 0
indicates no buoyancy force effect due to mass diffusion, N = ∞ corresponds to no buoyancy effect due to thermal
diffusion and N = 1 indicates both have the same contribution to the flow. The chemical reaction parameter R is
positive for species generation, and is negative for species consumption, and is zero for no chemical reaction.
The physical quantities of interest from the engineering point of view are the local skin friction C f , the local
Nusselt number Nux and the local Sherwood number Shxwhich are defined as:
C f = 2τw
(ρu2w)
(2.11)
Nux = xqwk(Tw − T∞) (2.12)
Shx = xqmD(Cw − C∞) , (2.13)
where τw is the surface shear stress, qw is the wall heat flux and qm is the mass flux and are given by:
τw = µ ∂u
∂y

y=0
, qw = −k ∂T
∂y

y=0
, qm = −D ∂C
∂y

y=0
.
Using the similarity variable, Eqs. (2.11)–(2.13), respectively become:
1
2
C f

Rex = f ′′(0), Nux√
Rex
= −G ′(0), Shx√
Rex
= −H ′(0),
where Rex = Uwxν is the Reynolds number.
3. Results and discussion
The system of non linear ordinary differential equations (2.7)–(2.9) with the boundary condition (2.10) were
solved numerically by Keller box method. The computations have been performed for different values of Prandtl
number Pr , Schmidt number Sc, buoyancy force parameter λ, radiation parameter Nr , magnetic parameter M ,
buoyancy forces ratio parameter N , the unsteady parameter A, suction/injection parameter s, Eckert number Ec, heat
source/sink parameter Q, chemical reaction parameter R, velocity slip parameter sv , temperature slip parameter st
and species concentration slip parameter sm . Since the flow is laminar, we have taken a uniform step size ∆η = 0.01.
A convergence criterion based on the relative difference between the current and previous iteration values is employed.
When the difference reaches 0.0001, the solution is assumed to have converged and the iteration process is terminated.
We also validate our method by comparing the skin friction coefficient −F ′(0) and the surface heat transfer rate
−G ′(0) with the earlier works and shown in Tables 1 and 2, respectively. The present result is in very good agreement.
Fig. 2(a) and (b) depict the effect of slip parameters on velocity, temperature and species concentration for fixed
values of other parameters. Increasing the velocity slip parameter sv decreases the velocity of the fluid and increasing
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Table 1
Comparison of skin friction coefficient −F ′(0) with the previous studies.
sv [9] [34] [6] Present
0.0 1.0 1.000000 1.0000 1.000000
0.1 0.8721 0.872082 0.8817 0.872083
0.2 0.7764 0.776377 0.7764 0.7763824
0.3 – – – 0.701539
0.4 – – – 0.641133
0.5 0.5912 0.591195 0.5960 0.591177
0.6 – – – 0.549111
0.7 – – – 0.513070
Table 2
Comparison of surface heat transfer rate (−G′(0)) with the previous studies.
A s Pr [22] [34] Present
0 −1.5 0.72 −0.4570 0.4570273 0.457063
1 0.50000 0.50000 0.499997
10 0.6452 0.6451648 0.645159
0 0.72 0.8086 0.8086314 0.808637
1 1.0000 1.0000000 1.000000
3 1.9237 1.92359132 1.923691
10 3.7207 3.7215968 3.720790
1.5 0.72 1.4944 1.4943687 1.494368
1 2.0000 2.0000621 1.999999
10 16.096248 16.096248 16.084355
Fig. 2. Effect of slip parameters sv, st and sm on Velocity, temperature and concentration profiles.
st and sm does the same on temperature and species concentration, respectively. In Fig. 2(b), it is also observed that
concentration boundary layer thickness is greater than the temperature boundary layer thickness.
Effect of the magnetic parameter on velocity, temperature and concentration of the fluid is described by Fig. 3(a)
and (b). Enhancement of the magnetic parameter M decreases velocity of the fluid but increase both temperature and
species concentration as it is shown in the figures. This may be due to the Lorentz law on magnetic field. According
to the law, as magnetic field strength increases, the Lorentz force increases and this leads to oppose flow of the fluid.
Consequently, velocity of the fluid reduces and the fluid acquire more temperature and species concentration.
Effect of suction/injection parameter s on velocity, temperature and concentration is illustrated in Fig. 4(a) and (b).
As it is revealed in the figures, increment in suction/injection parameter decreases each of the three parameters. In
Fig. 4(b), it is also observed that concentration boundary layer is thicker than temperature boundary layer. Fig. 5(a)
and (b) describe the influence of buoyancy forces ratio parameter N on velocity, temperature and concentration of
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Fig. 3. Effect of magnetic parameter M on Velocity, temperature and concentration profiles.
Fig. 4. Effect suction/injection parameter s on Velocity, temperature and concentration profiles.
Fig. 5. Effect buoyancy forces ratio parameter N on Velocity, temperature and concentration profiles.
the fluid. It is evident that velocity of the fluid increases as the parameter N increases but opposite effects happen on
temperature and species concentration.
Impact of buoyancy ratio parameter N , suction/injection parameter s, heat source/sink parameter Q and velocity
slip parameter sv on skin friction coefficient is described in Fig. 6(a) and (b). In Fig. 6(a), it is seen that increasing
N and sv decreases the skin friction coefficient. It is also observed that in assisting flow (N > 0), the skin friction
coefficient is less as compared to the opposing flow (N < 0). In addition to this, the skin friction coefficient is higher
in suction than injection. The same conclusion can be made to the effects of heat source/sink parameter Q, velocity
slip parameter sv and suction/injection parameter s on skin friction coefficient as it is shown in Fig. 6(b).
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Fig. 6. Effects the parameters N , Q, s and sv on skin friction coefficient.
Fig. 7. Effects the parameters Pr, Ec, s and st on surface heat transfer rate.
Fig. 8. Effects the parameters Sc, R, s and sm on surface heat transfer rate.
Effect of Pr, Ec, s and st on surface heat transfer rate is demonstrated by Fig. 7(a) and (b). A decrement of Prandtl
number and enhancement of temperature slip parameter st results in decrease of surface heat transfer rate as it is shown
in Fig. 7(a). On the other hand, increasing both the Eckert number and the temperature slip parameter st decreases
the surface heat transfer rate. In the same Figures, it was also noticed that presence of thermal radiation reduces the
surface heat transfer rate.
Fig. 8(a) and (b) explain the impact of Sc, R, s and sm on surface mass transfer rate. In Fig. 8(a) it is observed
that decreasing Sc and increasing sm decreases the surface mass transfer rate. But increasing both Sc and R rises the
surface mass transfer rate as it is depicted in Fig. 8(b). In each of the figures, it is seen that the surface mass transfer
rate is more in suction than injection. Enhancement of skin friction coefficient is observed when the buoyancy force
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Fig. 9. Effects of λ & M on skin friction coefficient and effects of λ & M surface mass transfer rate.
parameter λ and unsteady parameter M increase as shown in Fig. 9(a). But increasing both parameters decreases the
surface mass transfer rate as it is witnessed by Fig. 9(b). It is also evident that the skin friction coefficient and surface
mass transfer rate are more in suction than injection.
4. Conclusion
We investigated the problem of unsteady hydromagnetic chemically reacting mixed convection flow of
incompressible viscous fluid past a vertically moving permeable stretching sheet in the presence of suction/injection,
heat source/absorption, thermal radiation, viscous dissipation and slip effects. The governing partial differential
equations are transformed into a system of ordinary differential equations using similarity transformations. The
transformed ordinary differential equations are then solved numerically by an implicit finite difference method called
the Keller box method. The effect of Prandtl number Pr , Schmidt number Sc, buoyancy force parameter λ, radiation
parameter Nr , magnetic parameter M , buoyancy forces ratio parameter N , the unsteady parameter A, suction/injection
parameter s, Eckert number Ec, heat source/sink parameter Q, chemical reaction parameter R, velocity slip parameter
sv , temperature slip parameter st and species concentration slip parameter sm on dimensionless velocity, temperature
and species concentration have been presented. Also effect of the parameters on the skin friction coefficient, surface
heat and mass transfer have been analyzed numerically. From the present investigation, we found that:
• Increasing the velocity slip parameter sv decreases velocity of the fluid and increasing st and sm does the same on
temperature and species concentration, respectively.
• Enhancement of the magnetic parameter M decreases velocity of the fluid but it increase both temperature and
species concentration.
• Velocity of the fluid increases as the parameter N increases but opposite effects on temperature and species
concentration. Increment in suction/injection parameter decreases each of the three parameters.
• Increasing N and sv decreases the skin friction coefficient and in assisting flow (N > 0), the skin friction coefficient
is less as compared to the opposing flow (N < 0).
• A decrement of Prandtl number and enhancement of temperature slip parameter st results in decreasing of surface
heat transfer rate and increasing both the Eckert number and the temperature slip parameter st decreases the surface
heat transfer rate.
• Decreasing Sc and increasing sm decreases the surface mass transfer rate. But increasing both Sc and R rises the
surface mass transfer rate.
• Enhancement of skin friction coefficient is seen when either the buoyancy force parameter λ increases or unsteady
parameter M increases. But increasing both parameters decreases the surface mass transfer rate.
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